We explain the basic notions and theorems for doing computations in the theory of Siegel modular forms of degree two, on the full modular group and of even weight. This synopsis concludes with a handy and computationally realistic algorithm for tabulating the Fourier coefficients of such forms and the Euler factors of their Spinor zeta functions. In the second part of this paper we present and discuss some of the results of actual computations which we performed following this algorithm. We point out two (theoretically) striking phenomena that are implied by the results of these computations.
Introduction
In 1978 Kurokawa computed explicit examples of Siegel modular forms of genus 2 [10] . These examples led to the Saito-Kurokawa conjecture whose proof focussed attention to Jacobi forms, which were then first studied by Eichler and Zagier [5] . Meanwhile, Jacobi forms have been extensively studied and, in the case of genus 1, they are quite well understood. In contrast to this, there are still many gaps in the theory of Siegel modular forms of higher genus, and even in the case of genus 2 many questions are still not answered: Is a Hecke eigenform uniquely determined by its eigenvalues? What is the arithmetic nature of its Fourier coefficients? What is the relation between Hecke eigenforms and Galois representations? Are there Hecke eigenforms of even weight and on the full modular group whose first Fourier-Jacobi coefficient vanishes? What is the relation between the eigenvalues of a Hecke eigenform and the scalar products of its Fourier-Jacobi coefficients (cf. [9] )?
At the time of Kurokawa's paper it took much effort and tricky manipulations to produce explicit examples of Siegel modular forms at all. This was mainly due to the lack of computationally realistic formulas for Siegel modular forms. In the past decade there has been much progress in the theory of Jacobi forms, as well as in computer hard-and software development. Exploiting this, one can nowadays rather easily go beyond Kurokawa's computations and produce explicit examples of degree-two forms.
The purpose of this paper is, first of all, to point out how such calculations can be done. Moreover, we actually did such calculations. It turned out that there are two striking, to our knowledge so far unobserved, phenomena, which might deserve further attention. The second purpose of this paper is to describe these phenomena.
We computed the Siegel cusp Hecke eigenforms of genus 2 and even weight on the full Siegel modular group which do not belong to the Maaß-Spezialschar. The first of these forms occurs in weight 20, and for weight 20 up to weight 32, which is the range of our computations, the dimensions of the subspaces spanned by such forms is 1,1,2,2, 3,4,5, respectively. Quite expectedly, these Hecke eigenforms can be distinguished by their Hecke eigenvalues (even by the eigenvalue of T(2), the second Hecke operator), and their first FourierJacobi coefficient does not vanish. Let T20, T22, T24a, T24¿>, etc. denote these Hecke eigenforms (suitably normalized). Then, in complete analogy to the case of elliptic modular forms, it turned out that for weight k = 28, 30, 32 the corresponding Hecke eigenforms are conjugate to each other, i.e., Tkb, Tkc, etc. are obtained by applying an automorphism of C to the Fourier coefficients of Tka.
The first of the phenomena mentioned above is that this does not hold true for the two eigenforms in weight 24 and weight 26, respectively: these eigenforms have rational Fourier coefficients. This is striking and contradicts common expectation.
The second, though less striking, phenomenon is the existence of congruences modulo various primes (or prime powers) between the Hecke eigenforms T* and Hecke eigenforms from the Maaß-Spezialschar. These congruences are trivial in the sense that they can be rather simply verified. On the other hand, they extend to congruences between the corresponding Andrianov (or Spinor) zeta functions and might have some less trivial implications in the (so far nonexisting) theory of Galois representations associated with the Hecke eigenforms T*.
In the course of the numerical computations we had to handle quite large integers at a reasonable speed (multiplication, factorization) and we needed a certain amount of linear algebra (multiplication of matrices, inversion, characteristic polynomials). All these computations could easily be performed using the software package PARI (cf. [3] ). I am very grateful to H. Cohen for introducing me to this system and helping me to take the first steps in using this great piece of software. More extensive tables of the examples considered in this paper will appear in [4] .
Notation
Throughout, we shall use the following notation:
-Z, Q, C = integers, rational, and complex numbers, H = Poincaré upper half plane, Y{ -SL2(Z) = elliptic modular group, Y2 = Sp2(Z) = Siegel modular group of genus 2 -MkiY2) = space of Siegel modular forms of genus 2 and weight k on the full Siegel modular group Y2 -Mk(Yx) = space of elliptic modular forms of weight k on the full modular group Ti -Jkmspace of Jacobi forms on SL2(Z) of index m and weight k -When the M or J above is replaced by S, we always mean the corresponding subspace of cusp forms -q = e2niT, C = e2Kiz, d' = e2*'v (t, r' e H, z e C) i Bk -k\Yi Bernoulli number) -Special Jacobi forms:
<j>i2=A.t1-6'U £ s\-\yq^l\r-E2 £ (-l)Vi2+r2)/4c) \ r,sEZ r,sez / r£s mod 2 r^s mod 2 -Special Siegel modular forms of genus two:
The operator V (mapping Jacobi forms to Siegel modular forms) and the fact that 010 and <f>l2 are elements of Sxo,i and Sl2^ will be explained below (cf. the second theorem and the proposition in §1). For a basic reference on Siegel modular forms, we refer to [6] ; for Jacobi forms, cf. [5] .
Theorems for computing Siegel modular forms
We are interested in Siegel modular forms of even integral weight on the full modular group. Any such form F has a Fourier expansion of the form F= J2 aFin,r,m)qnCrq"n r,n ,m£Z r2-4mn<0 n,m>0
in which only those Fourier coefficients aFin, r, m) are possibly nonzero where the binary quadratic form [n, r, m] (i.e., the form nX2 + rXY + mY2 ) is positive semidefinite. Moreover, the Fourier coefficient aF(n , r, m) depends only on the GL2(Z)-equivalence class of the binary quadratic form [n,r, m]. Thus, one wants to compute the Fourier coefficients aF(Q) for all positive semidefinite GL2(Z)-reduced quadratic forms Q. The essential ingredient to tabulate these Fourier coefficients is the following theorem of Igusa, which describes the structure of the graded ring of all Siegel modular forms of even weight on Sp2(Z).
Theorem [7] . Let y/4, %, Xio > #12 be nonzero forms in the one-dimensional spaces M<x(Y2), M6(Y2), Sx0(Y2), Sl2(Y2), respectively. Then i.e., the modular forms y/4, %, #10, #12 are algebraically independent and any element of M2t(Y2) can be written as a polynomial in these functions.
According to Igusa's theorem we have to look for a good method to compute the y/4, ... It maps cusp forms to cusp forms, and Eisenstein series to Eisenstein series.
The Siegel modular forms occurring in the image of V are called MaafiSpezialformen. To compute such forms, we need to compute Jacobi forms of index 1. Via the following proposition, this is reduced to the computation of elliptic modular forms on the full modular group.
Proposition [13] . Let Note that these Jacobi forms have integral Fourier coefficients and that they are normalized in the sense C^l0(-3) = C^l2(-3) = 1. Moreover, the proposition and its supplement concerning cusp forms shows that dimSfc,, = dimS^r,) + dim5,fc+2(r,) = dimA4_12(r,) + dimA4_10(ri). hence, we have such explicit formulas for any Siegel modular form. These formulas are easily implemented on a computer to tabulate the Fourier coefficients of a basis of Siegel modular forms of given weight k . The only parts of this procedure which are computationally expensive are the multiplications of Siegel modular forms. To avoid some of these multiplications, it is reasonable to generate at least the Maaß-Spezialschar of a given weight directly, i.e., by applying Maaß's theorem and the above proposition directly instead of writing members of the Spezialschar as polynomials in y/4 to xn ■ We followed this procedure for our numerical calculations (cf. §4).
Hecke theory
In this section we recall the theorems concerning the Hecke theory of genus 2 forms, which are necessary to handle and to compute Hecke eigenforms.
Theorem [1, p. 228, Example 4.2.10]. Let k, I be integers, and I > 1 ; let
where F is an element of Mk(Y2) and Til) denotes the Ith Hecke operator on this space. Then
where the inner sum is over a complete set of representatives V for Y°i'f-)\Yx satisfying the stated conditions, and where Y°iN) := (% N%) n T,.
We mention some special cases of the above theorem, which are important for our numerical computations:
To begin with, assume that we have computed sufficiently many coefficients of a basis of a Hecke invariant subspace of Siegel modular forms on T2, and that we want to compute the Hecke eigenforms. The obvious method is to compute the matrix of T(p) for some small prime number p and to diagonalize it. Thus, one needs in particular the formula for the action of T(p) on the Fourier coefficients a(Q) of a given form F . By the above theorem it is easily verified that such an explicit formula can be given as follows:
Here, p is any prime number, and we set <z(ß) = 0 if Q is not integral.
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Secondly, assume that we have computed sufficiently many Fourier coefficients aiQ) of a Hecke eigenform F, and that we want to compute the pth Euler factor of the Andrianov zeta function of F. As explained in the next theorem, we thus need to compute the eigenvalues Xp and Xpi of T(p) and T(p2), respectively. From the above theorem we find the formulas kpail ,1,1) = aip, p, p) +pk~2 (l + (I)) «(1,1,1), >3> Aj>«(p,P,P) = aip2, p2, p2) +p2k~3ail ,1,1) +/-2a(l, p, p2)
+ pk~2 E ail+v + v2,pil+2v),p2), v modp Ap2fl(l, 1, I) = aip2, p2, p2) + pk~2 E ail+v + v2,pil+2v),p2)
The eigenvalue Ap can be computed from the first of these equations (if a(l, 1, 1)^0). However, it is computationally expensive to compute Ap2 directly from the third equation, since one would need to compute aip2, p2, p2), i.e., one would need to compute a Fourier coefficient aiQ) where the discriminant of Q is of order p4 . To avoid this, one should eliminate the aip2, p2, p2) in the third formula, using the second one. One can go even one step further and eliminate then the aip, p, p), using the first formula, so as to obtain a formula expressing Xpi in terms of a(l, 1, 1) and aiQ) with Q primitive and of discriminant -3p2 . The precise formula that one obtains in this way is 
Hecke invariant splittings
If we write an element / of MkiY2) in the form 00 F = E^""' m=0 then the 0OT are known to be elements of Jk t m ; the above expansion is the so-called Fourier-Jacobi expansion of F . The space of cusp forms Sk(Y2) is the space of all such F with 0o = 0. This subspace is invariant under all Hecke operators. It contains the Hecke invariant subspace VSk ,. This subspace, in turn, is Hecke equivariantly isomorphic to S2k-2iYx) [5, §5] . By a result of Oda and Evdokimov, the subspace VSk >, can be characterized as the subspace of Sk(Y2) which is spanned by all those Hecke eigenforms whose ZF(s) has a pole (cf. [12] ). From this it is clear that there exists one and only one Hecke invariant complement of VSktx in Sk(Y2), namely the subspace spanned by all Hecke eigenforms F with holomorphic ZFis). We denote this space by Sl(Y2).
Finally, for any elliptic cusp form / in Sk(Yx), one can form the KlingenEisenstein series Kf= E f\k8 (7(t,z,t'):=/(t), ^ = 82,! as in [8] ).
The map /1-> KS defines a Hecke equivariant embedding K:Sk(Yx)^Mk(Y2).
It has the property that the Oth Fourier-Jacobi coefficient of KS is /. In particular, we see that the dimension of C • VEk © KSk (T, ) equals the codimension of the subspace of cusp forms in Mk(Y2), that this space contains no cusp forms, and hence, that this space is a Hecke invariant complement of the subspace of cusp forms. Summarizing, one has the Hecke invariant splitting Afjt(r2) = KSkiTi) ®VJkA® S\iY2).
For the Andrianov zeta functions associated with the Hecke eigenforms in the former two spaces one knows the following (cf. [8, 5] ):
f Lfis)Lfis -k + 2) for F = KS, " (i -x*)(i -x6)(i -xi0)(i -xi2y Table 1 in §6 lists the dimensions of the first few Hecke invariant subspaces. The first candidate for an interesting Hecke eigenform, i.e., a non-Maaß-Spezialschar cusp eigenform, is found in weight 20. Since Sl0iY2) is onedimensional, this first non-Spezialschar cusp eigenform is uniquely determined (up to multiplication by scalars)-we call it T20. In [10] its first few Hecke eigenvalues have been computed (our T20 equals -\ times Kurokawa's X2d )■ To write down a formula for it, we note first of all that the cusp form x\o *s not a Maaß-Spezialscharform: in fact, its Fourier-Jacobi expansion starts with 4>20q'2 + ■■■ , i.e., its first Fourier-Jacobi coefficient vanishes, whereas the first Fourier-Jacobi coefficient of a Maaß-Spezialform V<j> is 0 itself.
Thus, Xxo equals T20 plus a Maaß-Spezialscharform, i.e., T20 can be obtained by adding a suitable cusp Maaß-Spezialscharform to x2o • The subspace VS2o, i of Spezialscharformen in S2o(Y2) is two-dimensional; it is spanned by V(<pxoE4E6) and V(<¡>x2E2). Hence, up to normalization, T20 « Xw + aV(cf>ioE4E6) + bV (<t>nE2) for suitable constants a and b. To find a and b, we computed sufficiently many coefficients of x2o > V((j>xoE4E¿) » and V(<j>x2E2). Then we applied T(2) to these forms, using the formula for Tip) in §2. This enabled us to find the matrix M, which is uniquely determined by T(2)B = MB, where B = (x20, Vi(j)ioE4E6), F(0,2^42))/. By well-known algebra we have x(M)B = v • T20 with a suitable complex column vector v , where xiX) is the characteristic polynomial of the restriction of jT(2) to VS2o,,. From the formula for the Andrianov zeta function of a Maaß-Spezialform quoted in §3 one verifies for the latter polynomial the identity xi%) = X~iX + 2k~2 + 2k~l), where xiX) denotes the characteristic polynomial of the Hecke operator T(2) on the spacê (r,) of elliptic cusp forms of weight 38. The latter can be computed by well-known procedures.
The other first few Hecke eigenforms T22, T24a, T24è, T26a , T26¿>, ... of weights 22 to 32 can be found similarly. The particular results are given in Table 2 . In Table 3 we list the first few Fourier coefficients of these forms.
Note that Table 2 shows in particular that all the forms T22 up to T26è have rational Fourier coefficients. For the Hecke eigenforms in 5,¿g(T2), 5"]0(r2), Sl2(Y2), this is not true; their Fourier coefficients generate (after suitable normalization) a cubic, quartic, quintic number field, respectively. This is easily deduced from the fact that the characteristic polynomials Hk(X) of T(2) on 1(^2) ( k -28, 30, 32 ) are irreducible over Q. These characteristic polynomials are listed in Table 5 . This table also gives the prime decomposition of the discriminants Sdk of the fields <Q)[X]/iHkiX)). Note, that these discriminants contain only a small number of primes as compared to their impressive size. It may be worthwhile to investigate whether this is part of a more general phenomenon.
Finally, using the formulas for Xp and Xpi from §2, one can compute the first few Euler factors QP(X) of the Andrianov zeta function of T22 up to T266. The resulting values of XP and dp are given in Table 4 .
We checked within the range of Table 4 that the roots of X2 -( \ ± ^fdp)X + p2k-3 are complex conjugate. Thus all roots of QP(X) have absolute value p? k , i.e., within the range of our computations, the eigenforms T20 to T26è satisfy the generalized Ramanujan-Petersson conjecture.
Congruences for the interesting Hecke eigenforms
A Siegel modular form is said to be defined over R (a subring of C ) if all its Fourier coefficients are contained in R, i.e., if its Fourier expansion can be viewed as an element of Rfq, Ç, q'J. Two Siegel modular forms which are defined over Z are said to be congruent modulo N ( e Z ) if they have the same image under the projection map Z[[fl, £, q'l -» l\q, C, q'l/N%lq, C, q'l A similar obvious terminology will be applied to Jacobi forms, elliptic modular forms, and Dirichlet series.
Using this terminology, we note the following Proposition. All the Siegel modular forms T20-T26Ô listed in Table 2 are defined over 1. One has " 1 ,.
(I z/* = 20, 22, 24a, 26a,
[3 if* = 24b, 26b.
For each of these forms the g.c.d. of its Fourier coefficients is 1.
Proof. These assertions are easily read off from Tables 2 and 3 . For the first assertion one uses the following obvious facts: The Jacobi forms 0,o and 0,2 and the elliptic modular forms occurring in Table 2 are defined over Z. The F-operator maps forms defined over Z to forms defined over Z. Therefore, all Maaß-Spezialscharformen occurring in Table 2 are defined over Z. Thus the T* are ¿Z-linear combinations of forms defined over Z, i.e., they have rational Fourier coefficients with denominators at most equal to 6. That the denominator 6 does not really occur has to be checked case by case, using the fact that E4 and E6 are congruent to 1 modulo 24, and 0,o and 0,2 are congruent modulo 12. The latter is immediately clear from the formulas in Notation. D This proposition, together with Table 2 , immediately implies that T20 is congruent modulo 29-32-5-7-11 to the Spezialscharform Vi¿<j)i2E4l + \4>iqE4E(,) , that T22 is congruent to a Spezialscharform modulo 25 • 3 • 5 • 7 • 1423, etc. Even more, it is clear from the explicit formulas in Table 2 that the number 29 • 32 • 5 • 7 • 11 is divisible by any N such that T20 is congruent modulo N to a Spezialscharform, and similar statements also hold for the other eigenforms in Table 2 .
It is not hard to prove that congruences such as the ones just considered imply congruences for the Andrianov zeta functions. More precisely, one has Note that by assumption on F, and the foregoing identity, / is defined over Z. Since by assumption the g.c.d. of the aF(Q) and N are relatively prime, we deduce from the last identity the asserted one. This identity shows in particular that Lfis) mod N has an Euler product, and by well-known arguments this implies that / is a Hecke eigenform modulo N. D As we saw above, the T* are congruent to Spezialscharformen modulo certain N. These Spezialscharformen are then Hecke eigenforms modulo N, and their Fourier coefficients are even relatively prime (cf. Table 3 ), i.e., they fulfill exactly the assumptions of the proposition. Thus, the proposition shows that to each T* and its associated N, there corresponds an elliptic modular form /, which is a Hecke eigenform modulo N, such that ZT« (s) = Lf(s)LEl (s-k + 2) mod N.
Note that this identity implies a/(p) = Xp -pk~2 -pk~l mod N, where p denotes any prime and Xp the eigenvalue of Tk* with respect to T(p). Thus, given yV and the first few eigenvalues Xp of Tk*, we can immediately identify the modular form / mod /V with respect to any Z-basis of the lattice of elements of S2fc-2(ri) which are defined over Z. The particular / (and TV) corresponding to the T* are listed in Table 6 .
Note that these congruences, together with the theory of congruences for elliptic modular forms, imply further congruences. For example, from the first row of Table 6 we can deduce the congruences Z?20(s) = LE2(s -lS)LE2(s -4) mod 5, Zr20(s) = LEl (s -1 %)LEl(s -3) mod 7, Zt2o(s) = LEl(s -l%)LEi(s -2) mod 11.
To prove these congruences, recall first of all that for any prime p one has E2 = Ep+i mod p, and that 6 := q-j^ maps Mk(Yx) to 5^+/,+,(r,), preserving Hecke eigenforms. Here, Mk(Yx) and Syt+p+i(r,) denote the reduction modulo p of the Z-modules of modular forms in Mk(Yx) and Sk+p+l(Yi), respectively, which have Fourier coefficients in Z. From this it is immediately clear that 82E2 mod 5, 64E2 mod 5, or 93E2 mod 7, d2E4 mod 7, or 62E4 mod 11, 8E6 mod 11 are Hecke eigenforms in S^(Yx) for p = 5, 7, 11, respectively. Since the latter spaces are two-dimensional (over Z/pZ ), these are all Hecke eigenforms in these spaces, and hence the / in Table 6 has to be congruent modulo 5,7,11 to one of these eigenforms (up to multiplication by a scalar), respectively. The particular congruences, which one finds in each of these cases, are just the ones listed above.
We leave it to the reader to verify similar congruences for the other T* . Finally, we mention another kind of congruence which can immediately be read off from Table 2 . Namely, if we look at the 2x5 matrix which has as rows the rows of Table 2 corresponding to T24a and T24b, then we recognize that the g.c.d. of its 2x2 minors is 4 • 31. This indicates that there should be a congruence between T24a and T24b modulo 4 • 31, and that 4-31 is the largest integer for which such a congruence holds true. In fact, consulting Table 2, and that 4-37 is the largest integer for which such a congruence holds true. It is easily checked (e.g., by using the formula expressing the Spinor zeta function in terms of Fourier coefficients, as quoted in the last theorem in §2 ) that these congruences imply corresponding congruences for the Spinor zeta functions. 6 . Tables   Table 1  Dimensions Table 3 The first few Fourier coefficients of T20-T26è 
